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,QVWUXFFLRQHV� (O HVWXGLDQWH GHEHUi UHVROYHU &8$752 GH ORV RFKR HMHUFLFLRV SURSXHVWRV� 6L UHVXHOYH

PiV� VH FRUUHJLUiQ VROR ORV FXDWUR SULPHURV� /RV HMHUFLFLRV GHEHQ UHGDFWDUVH FRQ FODULGDG� GHWDOODGDPHQWH \

UD]RQDQGR ODV UHVSXHVWDV� 6H SRGUi XWLOL]DU FXDOTXLHU WLSR GH FDOFXODGRUD� &DGD HMHUFLFLR FRPSOHWR SXQWXDUi

�,� SXQWRV� 'XUDFLyQ GH OD SUXHED� � KRUD \ �� PLQXWRV�

�� D� >��� SXQWRV@ (QFXHQWUD WRGDV ODV PDWULFHV ; TXH FRQPXWDQ FRQ OD PDWUL]

$ = (� �
� −�) ,

HV GHFLU� TXH YHULILFDQ TXH $; = ;$�

E� >� SXQWR@ ¢([LVWH DOJXQD PDWUL] VLPpWULFD TXH FRQPXWH FRQ $ \ FX\R GHWHUPLQDQWH YDOJD �"

�� D� >��� SXQWRV@ 7UHV OiSLFHV� XQ FXDGHUQR \ XQD DJHQGD KDQ FRVWDGR � HXURV� OR PLVPR TXH GRV FXDGHUQRV \ XQD
DJHQGD� ¢3RGHPRV VDEHU HO SUHFLR GH FDGD DUWtFXOR VL QLQJXQR HV JUDWLV \ HQ FpQWLPRV WRGRV VRQ P~OWLSORV GH ��"

E� >� SXQWR@ &DOFXOD UD]RQDGDPHQWH HO VLJXLHQWH OtPLWH�

OtP
[→+∞ ([ + �
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[ .
�� D� 6HD OD FXUYD I([) = D − [��

D��� >��� SXQWRV@ ¢4Xp YDORUHV SXHGH WRPDU D ∈ ℝ SDUD TXH OD FXUYD I([) = D− [� FRUWH DO HMH GH DEVFLVDV �HMH
2;� HQ GRV SXQWRV \� SRU WDQWR� GHOLPLWH FRQ GLFKR HMH XQ UHFLQWR FHUUDGR"

D��� >� SXQWR@ (QFXHQWUD UD]RQDGDPHQWH D ∈ ℝ SDUD TXH HO iUHD GH GLFKR UHFLQWR YDOJD ���

E� >� SXQWR@ 5HVXHOYH OD VLJXLHQWH LQWHJUDO� ∫ �[√� + �[�
G[.

(O FDPELR GH YDULDEOH W = � + �[� WH SXHGH D\XGDU�

�� 6HDQ ODV UHFWDV

U ≡ ⎧{⎨{⎩ [ = �Ȝ
\ = −Ȝ
] = D

, V ≡ ⎧{⎨{⎩ [ = −�
\ = ȝ
] = −�ȝ

,
GRQGH Ȝ \ ȝ VRQ ORV SDUiPHWURV \ D ∈ ℝ�

D� >��� SXQWRV@ (VWXGLD VX SRVLFLyQ UHODWLYD HQ IXQFLyQ GH ORV YDORUHV TXH WRPD D�

E� >� SXQWR@ (QFXHQWUD UD]RQDGDPHQWH XQ SODQR TXH FRQWHQJD D V \ TXH VHD SDUDOHOR D U�

�� D� >� SXQWR@ ([SUHVD UD]RQDGDPHQWH HQ IRUPD GH HFXDFLRQHV SDUDPpWULFDV OD UHFWD LQWHUVHFFLyQ GH ORV SODQRV ʌ� ≡
[ = \ + � \ ʌ� ≡ \ + �] = ��

E� >��� SXQWRV@ (QXQFLD HO WHRUHPD GHO YDORU PHGLR GHO FiOFXOR LQWHJUDO� (QFXHQWUD UD]RQDGDPHQWH HO SXQWR DO TXH KDFH
DOXVLyQ GLFKR WHRUHPD SDUD OD IXQFLyQ I([) = �/[� HQ HO LQWHUYDOR [�, �]� ,QWHUSUHWD JHRPpWULFDPHQWH OR KDOODGR�
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�� D� >��� SXQWRV@ (VWXGLD HO UDQJR GH OD PDWUL] 0 HQ IXQFLyQ GHO SDUiPHWUR P ∈ ℝ� VLHQGR

0 = (� P � �
� � � P
� � P �

) .
E� >� SXQWR@ 6HDQ ORV SODQRV ʌ� ≡ �[+P\ = �� ʌ� ≡ �[+ \ = P \ ʌ� ≡ �[+ \+P] = �� (VWXGLD VX SRVLFLyQ

UHODWLYD VHJ~Q ORV YDORUHV GH P� 3XHGHV XWLOL]DU ORV UHVXOWDGRV REWHQLGRV HQ HO DSDUWDGR DQWHULRU�

�� D� >���� SXQWRV@ 6HDQ ORV YHFWRUHV ⃗X = (�, �, �) \ ⃗Y = (�, �, �)� &DOFXOD HO SODQR TXH SDVD SRU HO SXQWR $ = (�, �, �)
\ FRQ YHFWRU QRUPDO HO SURGXFWR YHFWRULDO GH ⃗X \ ⃗Y�

E� (O (9$8 FOXE GH I~WERO WLHQH XQD SUREDELOLGDG GHO �� � GH JDQDU XQ SDUWLGR FXDQGR MXHJD %HQFHQR �VX GHODQWHUR
HVWUHOOD� \ GHO �� � FXDQGR QR OR KDFH� 6H VDEH TXH OD SUREDELOLGDG GH TXH %HQFHQR MXHJXH XQ SDUWLGR HV GHO �� ��

D��� >��� SXQWRV@ ¢&XiO HV OD SUREDELOLGDG GH TXH HO (9$8 &�)� JDQH XQ SDUWLGR FXDOTXLHUD"

E��� >���� SXQWRV@ 6L HO (9$8 &�)� DFDED GH JDQDU XQ SDUWLGR� ¢FXiO HV OD SUREDELOLGDG GH TXH %HQFHQR KD\D
MXJDGR"

�� D� 6H FDOFXOD TXH XQD TXLQWD SDUWH GH ORV QLxRV HVSDxROHV SUHVHQWDQ DOJ~Q WLSR GH LQWROHUDQFLD DOLPHQWDULD� (Q XQD
FDQWLQD HVFRODU ORV QLxRV VH VLHQWDQ DO D]DU HQ PHVDV GH � FRPHQVDOHV�

D��� >��� SXQWRV@ ¢&XiO HV OD SUREDELOLGDG GH TXH HQ XQD PHVD KD\D DOJ~Q QLxR FRQ LQWROHUDQFLD DOLPHQWDULD"

D��� >���� SXQWRV@ &XDQGR HQ XQD PHVD KD\ DOJ~Q QLxR FRQ LQWROHUDQFLD DOLPHQWDULD� D HVD PHVD VH OH VLUYH HO SDQ
VLQ JOXWHQ� 6L XQ GtD KD\ RFXSDGDV � PHVDV� ¢FXiO HV OD SUREDELOLGDG GH TXH KD\D TXH VHUYLU SDQ VLQ JOXWHQ HQ
DOJXQD PHVD"

E� (O SHVR GH ORV SDTXHWHV GH � NJ DUUR] TXH FRPHUFLDOL]D GHWHUPLQDGD PDUFD VLJXHQ XQD GLVWULEXFLyQ QRUPDO GH ���
J GH PHGLD \ �� J GH GHVYLDFLyQ WtSLFD�

E��� >��� SXQWRV@ ¢&XiQWRV SHVDUiQ PiV GH XQ NLOR"

E��� >���� SXQWRV@ ¢&XiQWR SHVDUi HO PiV OLJHUR GHO �� � GH ORV TXH PiV SHVDQ"
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���� ������ ������ ������ ������ ������ ������ ������ ������ ������ ������
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